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ABSTRACT 

For n > 3 we find a centra l  po lynomia l  of degree ( n -  1) 2 + 4  for the  n x n 

m a t r i x  a lgebra  over a field of charac ter i s t ic  0. For n = 3, 4 our po lynomia l  

coincides wi th  the  known centra l  polynomials  of min ima l  degree and  for 

n > 4 the  resul t  gives new centra l  polynomials .  Unti l  now, for n > 4 the  

min ima l  degree of the  known centra l  polynomials  was n 2. 

Introduct ion  

Let K(X) be the free associative algebra over a field K of characteristic 0. An 

element f(xl, x2,..., xm) E K(X> is called a c e n t r a l  p o l y n o m i a l  for the n x n 

matrix algebra Mn(K) if f(rl,r2,...,rm) lies in the center of Mn(K) for all 

r l ,  r 2 , . . . ,  rn E Mn(K), and f is not a polynomial identity for M,(K). The first 

central polynomials for any n were constructed by Formanek and Razmyslov in 

[5] and [9] with two different methods. The construction of Formanek yields 

a central polynomial of degree n 2. The original Razmyslov polynomial was of 

higher degree but Halpin [7] showed that  the method of [9] also gives rise to a 

central polynomial of degree n 2. For a long time this value was thought to be 

the minimal value for the degree of central polynomials for n x n matrices, and 

this is in fact the case for n = 1 and n = 2. But the author with Kasparian in 

[2] and with Piacentini Cattaneo in [3] found central polynomials of degree 8 for 
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M3(K) and of degree 13 for M4(K), respectively. The main result of this paper 

is that  we construct a central polynomial for Mn(K) of degree (n - 1) 2 +4  for any 

n _> 3. For n > 4 our central polynomial is of degree less than the minimal known 

degree n 2. For n = 3 it is of minimal possible degree as it was shown in [1]. For 

n = 4 we obtain the same central polynomial as in [3] which is of minimal known 

degree and agrees with the conjecture of Formanek [6] that  the minimal degree 

of the central polynomials for Mn(K) is (n 2 + 3n - 2)/2. To obtain the central 

polynomial of degree (n - 1) 2 -I- 4 we give explicitly the following essentially weak 

polynomial identity for Mn(K): 

?.D(X, Y l , " " " ,  Yn) : 82n--2( x, fiE2, . . .  , xn--3, xn,  Yl, . . . ,  Yn) 
n 

+ E ~ 8 2 n - - 2 ( X ,  X2 , . . .  , z n - 3 , x n - 2 , y l ,  . . . .  y ix  . . . . .  Yn) 
i----1 

"[- E 82n--2( x, J22, ' ' '  , xn--3, xn--2, Y l , . . ' ,  yix,  "." , Y j = , . . . ,  Yn), 
l~i<j~n 

where sin(x1 . . . .  , xm) is the standard polynomial of degree m. By the Razmyslov 

approach in [9] this gives rise to a central polynomial of the right degree. Our 

essentially weak polynomial identity is a generalization of these found by the 

author and Rashkova [4] for n = 3 and in [3] for n = 4. Our starting point was 

[3] and we follow its exposition. We also refer to [3] for the missing details. 

1. Prel iminaries  

Let K be a field of characteristic zero. We denote by K(X)  the free associative 

algebra over K freely generated by a countable set of variables X = {xl, x2, . . .}  

and by K ( x l , . . . ,  xm) the subalgebra of rank m. We also use other variables, 

e.g. x, Vl, .-- ,  Y,,, to denote the free generators. We recall some background. 

a) To a polynomial 

g(tl, . . . .  , t,~+l) = E apt~'... § 

in n + 1 commuting variables t l , . . . ,  tn+l we associate the polynomial 

r  = r  Y l , ' ' ' ,  Yn) = E ~PXPlylxP2y2"'" xP"ynXPn+I 

from e K(x, yl, . . . .  y,~). Every f = ](x, y l , . . . ,yn)  E K(x, y l , . . . ,yn)  which is 

multilinear in Yl , . . . ,  Y,~ may be written in the form 

f = E arPxP'yr'xP2Yr2"" xP"yr"xP"*I = E r y , , , . . . ,  Yr,). 
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/3) Let n be fixed and let eli, i , j  = 1 . . . .  ,n, be the matrix units from M,(K) .  

To any set {~q = eiqj~ I q = 1 , . . . ,  n} we relate an oriented graph with n vertices 

1, 2 , . . . ,  n and edges (iq, jq), q = 1 , . . . ,  n. In order to check if f (x ,  Y l , . . . ,  Yn) = 

r (x, Y~I,.-.,  Y~.) is a polynomial identity for Mn (K) it is sufficient to cal- 

culate f (~ ,  Yl, .  � 9  ,~n) for �9 = plel l  -~" .+p,e~n, where Pl, �9 �9 -, P,~ are commuting 

variables and ~q = ei,j~, q = 1 , . . . ,  n, for all possible (iq,jq), q = 1 , . . . ,  n. Then 

r  e~ l~ , ,  �9 � 9  e~.j.) = @ ( p ~ , ,  p ~ , . . . ,  p~ . ,  pj.)e~ij., 

where ~ equals 1 or 0, depending on whether ( i l , j l ) ,  (i2,J2) . . . .  , (in,jn) is or is 

not a path in the graph. 

Definition: A polynomial f ( x l , . . . ,  xm) E K ( X )  is called a w e a k  p o l y n o m i a l  

i d e n t i t y  for Mn(K) if f ( x l , . . . ,  xm) vanishes when evaluated on all elements of 

the Lie algebra sl,  of all traceless matrices of M~(K). If the weak polynomial 

identity is not a polynomial identity for M~(K) it is called an essen t ia l ly  w e a k  

p o l y n o m i a l  identity. 1 

7) Let the polynomial f (x ,  y l , . . . , yn)  E KIX, y l , . . . , yn l  be multilinear in 

Yl , - . . ,  Y,~- In order to prove that  f (x ,  Yl,-- . ,  Yn) vanishes for all �9 E sl~ and all 

fh, . . . , f in E Mn(K) it is sufficient to consider �9 = pie11 + . . .  + pnenn, where 

P l , . . . ,  P~ are commuting variables satisfying Pl + "'" + pn = 0 and ~q = e~qjq, 

q = 1 , . . . , n .  Let us assume that  f (x ,  y l , . . . , yn)  = ~r yr l , . . . ,Yr , )  is a 

polynomial identity for M , _ I ( K ) .  If f(5:, Yl , . . . ,  Y,,) r 0 then the graph related 

to ~q = e~qjq, q = 1 , . . . ,  n, contains a path (i~1, j ~ ) , . . . ,  (in,, j , , )  going through 

all the n vertices. Up to a permutation of the indices 1 , . . . ,  n, this is one of the 

paths (1, 2 ) , . . . ,  (i, i + 1 ) , . . .  , ( j  - 1, j ) ,  (j, i), (i, j + 1 ) , . . . ,  ( n -  1, n), where i _< j .  

Now, if g~ ( t l , . . . ,  ti, t~+l, �9 �9 �9 t j ,  t~, t j+l ,  �9 �9 �9 t~) is divisible by t 1 + t2 + " "  + tn for 

all i _< j ,  this means that  f (x ,  Yl , . - - ,~n)  vanishes for �9 E slk and Yl , . . . ,  Y,~ E 

M~(K). 

2. The weak polynomial identity 

The main result of this section is the following. 

THEOREM 1: Let K be a field of characteristic O. The polynomial 
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w(z, yl,.  yn) s2n-2(z,z 2, z ~-3, �9 ., . . . .  , xn, Yl, �9 �9 � 9  Yn) 

n 

+ E xs2n-2(x, x2 , . . . ,  x n-3, x n-2, Y l , . ' . ,  y i x , . . . ,  Yn) 
i=1 

+ 82n--2(X, X2, . ,xn-3 _n-2 . .. , x  , y l , . . . , y i x , . . . , Y j X . . . , Y n )  
l<_i<j<,~ 

from K(x ,  Y b . . . ,  Yn) is an essentially weak polynomial identity for Mn(K) ,  

n >_ 3, and w(Yc, f h , . . .  , fl ,) = 0 for all �9 6 sl,~ and all f h , . . .  ,f/~ 6 Mn(K) .  

The proof of the theorem is based on several lemmas. 

LEMMA 1: Let dl, d2 , . . . ,  d,~-2 be positive integers, d = (dr, d2 , . . . ,  dn-2) and 

let 

I d ( X ,  y l ,  " ' ' , y n )  = 8 2 n - 2 ( x d l , x d 2 ,  ' ' ' , x d " - 2 , y I , ' ' ' , y n ) "  

n Let �9 = ~p=l  ppepp, where P l , . . . ,  pn are commuting variables, ~q = eqjq 6 

M~(K) ,  q = 1,.�9 . ,n .  Then 

f d ( x ,  f i b . - . ,  ,Yn) = Z ( s i g n c r ) g d ( P a ( i l )  ' P a ( i ~ ) , . . . ,  P a ( i , ) ,  P a ( j ~ ) ) Y a ( 1 ) . . .  Ya(n), 
aES~ 

where g(tl, t 2 , . . . ,  tn+l) 6 Kit1, t2 , . . . ,  tn+l], 

�9 . , l e a _ 2  

td2 tdz 
ks �9 " " k .  _ 2 ga(tx, t 2 , . . . ,  tn+l) = Z :1: /r td2 . . .  

td.-2 . d ~ - 2  k , < ' " < k . - 2  [ t d l _  2 k2 " ' "  $kn -2  

and the sign +1 is equal to the sign of the permutation in the summand of f d 

. x d n - 2 a , k  Y l  " " "Yk l  --1 x d l  Y k l  " " " Yka--1 xd2  " " x d " - 3  Y k . - 3  " " " Y k n - 2 - 1  u ~ -2  " " " y n .  

In particular, gd( t l , . . - , tn+l)  = 0 ff di = d I for some 1 < i < j <_ n - 2. 

Proof" Let �9 = pxen + ""  + p~e~n and let ffq be matrix units, q = 1 , . . . ,  n. If 

7.1 = f f ~ d , , . . . , Z n - 2  = x d ~ - 2 , Z n - 1  = ~I1, . . . .  Z2n-2 = ft, then 

/ d ( x ' Y ] ' ' ' " Y " ) =  Z (s igna)2a(D '"2a(2 , -2) .  
a E S 2 . - 2  
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If for p 6 $2n-2 there exists an i such that  2o( 0 = 2 d~l and zo(i+l) = 2a~2, then 

the summand (signp)50(1)...20(2~_2) participates in fd(2, Y l , . . . ,Y~)  together 

with - (s ign P)Zp(1) "'" 50(~-l)Zo(i+1)2p(i)20(i+2) "'" 20(2,~-2)- Since 

g p ( i ) Z p ( i + l )  - -  ~.p(iq-1)Zp(i) = 32 d~l X dn2 - - ~ . d 1 ' z x d p l  = O, 

the contribution to fa(~2, f t l , . . . ,  fl~) is given only by these summands such that  

n o  37 alp1 and 27 alp1 a r e  adjacent. In virtue of/3) from Section 1 

f d (  5:, Y l , - . - ,  Yn) = E (sign r  , P a ( i 2 ) , . . . ,  P a ( i . ) ,  P a ( j . ) ) Y a ( 1 ) ' " f h r ( n )  

aES~ 

for some polynomial gd(Yl, . . . ,Yn+l) E K[t l , . . . , tn+l] .  The polynomial gd is 

obtained from 

kl  <, . ,  <~kn- 2 T~Sn- -  2 

Hence 

X y k l  " " " Y k 2 - 1  x d , ( 2 )  " " " Z d ' ( ' - 3 ) Y k . - a  " " " Y k n _ 2 - 1 x d ~ ( " - 2 ) Y k , _ 2  " " " Y n .  

g a ( t l , . . . ,  t , ,+l)  = 

where k = ( k l , . . . ,  kn-2) and 

uk(t l , .  . . , tn+l)  = 

E +uk(t l ,  �9  tn+l), 
kl  < . . , < k n - 2  

(sign r)td:m " " t d'("-~' k ~ - 2  " 

r 6 S , ~ - 2  

Obviously uk ( t l , . . . ,  t n+ l )  is equal to the determinant of the (n - 2) x (n - 2) 
dp 

matrix with entry tk, in the p-th row and the q-th column. Clearly the sign 5=1 

in the sum ~ +uk( t l , . . . ,  tn+l) is the same as prescribed in the statement of the 

lemma. 

LEMMA 2: 

| 

For the polynomial ga( t l , . . . ,  t ,+l) from Lemma 1 and for 1 < i < n 

g d ( t l ,  . . . , t i - 1 ,  O ,  O ,  t i + 2 ,  . . . , tn+l) 

A i = 

1 . . .  1 1 . . .  1 
t~1 . dl  dx dl 

. .  t i_  1 t i + 2  � 9  i n +  I 

.~j~ �9 ,~._~ f iJ~  § 
~I . . . .  i--I ~ ~ 

is equal up to a sign to the determinant 
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Proof: By Lemma 1, ga(t l , . . . ,  t i - l ,  O, O, t i+2 , . . . ,  t,~+l) is equal to a linear com- 

bination with coefficients +1 of the determinants of the ( n -  2) x ( n -  2) matrices 

d,)  such that  i and i+1  do not between the indices kl kn_:. tkq participate < m I I < 

Hence in the notation of the proof of Lemma 1 

gd(t l , . . . ,  ti-1, O, O, ti+2,..., tn+l) = Z :kuk( t l , . . . ,  tn+l), 

where the summation runs on all k = ( k l , . . . , k n - 2 )  such that  1 < k l  < 

"'" < kn-2 ~_ n -b 1, kq ~ i , i  Jr- 1, q : 1 , . . .  , n  - 2. The same determinants 

uk(tx , . . . ,  tn+l) participate in the extension by the first row of the ( n -  1) • ( n -  1) 

determinant Ai. The only problem is to show that the signs in both the expres- 

sions are the same. For 

j r  and k = ( 1 , . . . , i - l , i + 2  . . . .  , j - l , j + l , . . . , n + l )  

the sign of fij = uk in gd( t l , . . .  ,ti_l,O,O, ti+2,... , tn+l)  is equal to the sign of 

( xdl Yl ) ' ' "  ( xdi-1 Yi-- 1)YiY/+I (x d' Yi+2) " " " • 

• (xdJ-a yj _ 1)Yj (X d1-3 yj + 1 ) ' ' "  ( xd~-ayn ) xd~ -2 

in the expression of s2n_2(xdl,. . . ,  x d~-2, y , , . . . ,  yn). Obviously for j > i + 1 (or 

for j < i - 1) the signs of fij and fij+l in both gd and A/ are opposite, the same 

holds for the signs of f i i - ,  and 5/+2. Hence 

A i  = 51 --  5 2 - ~ - - . . - q : 5 i _  l q = 5 i +  2 -4- . - . - I -  5 n +  1 

= rkgd(t] , . . . , t i - l ,0,  O, ti+2,.. . , tn+l). II 

LEMMA 3: For ga(t l , . . . ,  t ,+l) from Lemma 1 and 1 < i < n 

ga(t l , . . . ,  t ,+l) + gd(t l , . . . ,  h - i ,  t/+,, ti, ti+2, �9 �9 tn+l) 

Therefore 

= 2ga( t l , . . . ,  t/-1, O, O, t/+2,... ,  tn+l). 

g d ( t l , . . . , t i - l , t i , t i ,  t i - I -1, .-- , tn) = gd(tl, . . . , t i - l , O , O , t i + l , - . ,  ,tn). 

Proof: We consider the case i = 1; the proof for i arbitrary is similar. 

Lemma 1 

ga(tl, t2, t3 , . . . ,  tn+l) = 

By 
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t d " - 2  " . . t d l  
t"l 

~- ,  + .d,_~ tZ,-~ .a,_~ 
t 2  ka " " " t k . - 2  

tal ta~ dl 
k2 " " " t k ~ - 2  

+ E +  k~>2 t~_~ ~i-~ ,d~_~ 
t k 2  . . . .  k ~ - 2  

" " " k n - - 2  
+ ! . . .  t 

~ d , ~ - 2  d . - 2  
k~>2 ~k, "'" tk~_2 

" I )  
t d~ tk2 . . .  tk~_2 

t 2 tk2 . . . .  kn--2 

Using the e lementary propert ies  of determinants  we obtain tha t  

gd(tl,  t2, t3 . . . . .  tn+l)  + gd(t2, t l ,  ta, �9 �9 �9 t,~+l) = 2gd(O, O, t3, �9 �9 tn+l) .  

The  second s ta tement  of the lemma follows immediate ly  from the first by 

replacing t~+l with ti. | 

LEMMA 4: Let h l ( t l , . . . , t m ) ,  m > O, be the complete symmetric  function of 

degree I > 0 in the commuting variables t l , . . . , t i n ,  ho = 1. For r >_ 0 we define 

an m x m matrix  

Then 

Dr, r = D m r ( t l , . . . ,  t , , )  = 

1 1 . . .  1 / 
t 1 t2 �9 �9 �9 tm 

/ t ,n -~  t ~  - 2  . .  t ~ - 2  
\ @  1-1+~ ~2'm-l+r . . . .  " tm--l+Vm 

d e t ( D , ~ )  = h , ( t l , . . . ,  tin) H (tq - t , ) .  
l ( p < q ( r n  

Proo~ We use the nota t ion of [8, pp. 23 - 24]. For a = ( a l  . . . .  ,a ,n)  we 

define a polynomial  as  = a~(tl  . . . . .  tin) in commuting  variables obtained by 

ant isymmetr iz ing of t~ 1 ~m �9 �9 . t m , i.e. 

a~ = E ( s i g n a ) t ~ l ) ' " t ~ 7 ' m  " ( ) 
a6Sm 

Let A = (At,...,Am) be a partition in not more than m parts, i.e. A1 _> --- > 

Am > 0, and let ~ = ( m - l , r n - 2 , . . . , 1 , 0 ) .  Then  ax+6 can be wri t ten  as a 

de terminant  

a~+~ = det(t /~j+m-j)  

and the Schur function s ~ ( t l , . . . ,  tm) related with A is equal to a~+~/a~. Clearly, 

for A = (r) 

Dm~ = (-1)'~(m-X)/2ax+~, Dmo = (--1)m(m-1)/2a6 = l-[ (tq -- tp). 

l < p < q ~ _ m  
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This gives immediately the proof  of the lemma because 

s ( r ) ( t l , . . . , t m )  = h r ( t l , . . . , t m ) .  | 

The following lemma is an immediate  consequence of Lemma 1. 

LEMMA 5: Let  c l , . . . , c n ,  do > 0 and let d l , . . . , d n - 2  >_ 1, d = ( d l , . . . , d n - 2 ) .  

Then in the notation o f  L e m m a  1 for �9 = p le l l  + ' - "  -4- pnenn, ~liqjq, q = 1 , . . . ,  n, 

~ao s2n_ 2 ( f:al , . . . , 5 / . - 2 ,  fh ~Cl , . . . , 9,, 5:~. ) 

= Z ( s i g n a ) g a ( p , ( i l ) , . . . ,  Pa(i.), p~( j . ) )x  
~ES~ 

ndo nca(il)  c a ( i n - l )  C=(jn) -- 

X v a ( i l ) V a ( i 2 )  . . .  Pa(i~) Pa( j n )  Ya(1) "" ",Ya(n)" 

LEMMA 6: For 

. . . ~  . . . ~ X  n - 3  X n ~ . .  w(z ,  yl ,  yn) = s 2 n - 2 ( x ,  z 2, , , y l , .  , y,~) 

n 

+ ~--~zs2~_2(z, z2, . . . ,xn-3,zn-2,yl , . . . ,y lz , . . . ,y~) 
i=1 

. .  X n - 3  x n - - 2  . + ~ S2n-2(x,  x2, .  , , , y l , . . . , y i x , . . . , y j x . . . , y n )  
l<_i<j<_n 

and ~2 = p l e n  + " "  + p ,  en , ,  flq = eiqjq, q = 1 , . . . , n ,  the equali ty  

w(Sc, f h , . . . ,  fln) = ~ ( s igna)g (pa( i l ) , . . . ,  Pa(i,), Pa(j,))Ya(D " " "Ya(n) 
a E S n  

holds where 

g ( t l , . . . , t n + l )  = 

g(1,2,. . . , ,~-3,n)(tl , . . . , tn+l) + g(1,2 ..... n - 3 , n - 2 ) ( t l , - . . ,  t n + l ) e 2 ( t l , . . . ,  tn+l) 

and e2( t l , . . . ,  tn+l)  is the second e lementary  s y m m e t r i c  function in t l , . . . ,  t~+ l. 

Proof." By Lemma 5 

w(5:, f a , . . . ,  f l ,)  = ~ (signa)g(Po(il)  . . . .  , Po(i.), P~(j,))ff~(1) �9 �9 "~(n) ,  
a E S n  
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where 

g(t l , . . . ,  tn+l) =g(1,2,... ,n-3,n)(tl,. . ' ,  tn+l) 

q=2 2<p<q<_n+l 

and this completes the proof because 

n+l  

tl Z tq + ~ tptq = e2(tl,...,t,~+l). | 
q=2 2 < p < q < n + l  

Proof of Theorem 1: By the Amitsur-Levitzki theorem, s2,~-2(xl , . . . ,  X2n-2) 

is a polynomial identity for M=_I(K). In order to prove that w(x,yl, . . . ,y=) 

vanishes for all ~ E sln and all Yl , . . . ,  ~3n E M~(K), it is sufficient, by 7) of 

Section 1, to establish that  w(~, Yl , - . . ,  #n) = 0 for �9 = ple11 +""  + pne=n, with 

Pl + " ' +  p,~ = 0 and 

yl = e12, . . . ,  ffj--1 = ej-l,j, flj = eji, 

Yj+I = e i , j + l ,  Yj+2 ~ e j + l , j + 2 ,  �9 �9 �9 ~ln ---- e n - l , n  

for all i < j .  In virtue of Lemma 6, w(:~, Yl , . - . ,  fin) = 0 if 

g(t l , . . . ,  t,~+l) = g(1,2,...,n-3,n)(tl,..-, t,~+l) 

+ g ( 1 , 2 , . . . , n - 3 , n - 2 ) ( t l , . . . , t n + l ) e 2 ( t l , . . . , t n + l )  

satisfies the property that tl  + - . - +  tn divides g(tt , . . . ,  t j - t ,  tl, t j + l  . . . .  , tn) for 

all 1 < i < j  < n + l .  

Let v r ( t l , . . . ,  tn+l) = go ... . . . .  3 , , -2+r) ( t1 , . . . ,  t ,+ l ) .  Then 

g(tl , . . . , tn+l) = v 2 ( t l , . . . , t n + l )  + v 0 ( t l , . . . , t n + l ) e 2 ( t l , . . . , t n + l ) .  

We apply induction on the difference j - i. For simplicity of the notation we 

consider the case i = 1 only; the general case is similar. First, let j = i + 1. By 

Lemmas 2 and 3 

vr(t l , t l , t2, . . . , tn)  = Vr(0,0, t 2 , . . . , t n ) .  

Applying Lemma 4 we obtain that 

v2(0, 0, t 2 , . . . ,  tn) = +h2(t2,..., tn) I I  (tq - t,,), 
l < p < q < n  
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Vo(0, 0, t 2 , . . . ,  t,,) = + 

with the same sign +1. Therefore  

I- [  (t~ - tp),  
l<p<q<n 

g ( t l , t l , t 2 , . . .  , t , ,)  = + (h2(t2, . . . .  t, ,) + e2( t l ,  t l , t 2 , . . .  , t , , ) )  

and easy calculations show tha t  

Isr. J. Math. 

YI (tq- tp) 
l<p<q<n 

h 2 ( t 2 , . . . , t , , )  + e 2 ( t l , t y , t 2 , . . .  , t , ,)  = (tl  + . . "  + tn) 2. 

Hence g( t l ,  t l ,  t 2 , . . . ,  tn) is divisible by t l  + . . .  + t , .  

Now, let j - i > 1. By the inductive assumption 

g ( t l , . . . , t j - l , t l , t j , . . . , t n )  = (t l  - P ' " - I -  t n ) u ( t l , . . . , t n )  

for some u E K [ t l  . . . .  , t,~]. By Lemma 3 

v , (  t l  . . . .  , t~ - l ,  tj, tl, t j+ l , .  �9 tn) = 

- - v r ( t l , . . . ,  t j -1 ,  tl,  tj, t j + l , . .  �9 t,,) + 2 v r ( t l , . . . ,  t j _ l ,  0, 0, t j + ~ , . . . ,  t,,) 

and we obta in  tha t  

g( t l ,  . . . , t j - l ,  t j ,  t l ,  t j+l ,  . . . , tn)  

= - ( v 2 ( t l , . . . ,  t ~ - l ,  t l ,  t j ,  t j + ~ , . . . , t , , )  

+ v o ( t l , . . . ,  t j - 1 ,  t l ,  t j ,  t j + l , . . . ,  t n ) e 2 ( t l , . . . ,  t j ,  t l ,  t j + l , . . . ,  tn ) )  

+ 2(v2(tl ,  � 9  t j - 1 ,0 ,  0, t j + l , . . . ,  t,,) 

+ v o ( t l , . . . ,  t~ - l ,  O, O, t j+l ,  �9 �9 t n ) e z ( t l , . . . ,  t~, t l ,  t j + ~ , . . . ,  t,,)) 

= (t l  + . . .  + t n ) u ( t i , . . . , t , ~ )  

+ 2 ( h 2 ( t l , . . . ,  t j - 1 ,  t j + l , . . . ,  t,~) + e2(ta, t l ,  t 2 , . . . ,  tn ) )  

Obviously, for j > 1 

1-[ (tq - tp).  
l<l,<q<n 

p.q-~J 

h 2 ( t l , . . . ,  t j -1 ,  t j + l ,  �9 �9 �9 in) q- e2( t l ,  t l ,  t 2 , . . . ,  tn)  

= (h2( t~ , . . . ,  i,,) - t j ( t l  + . . .  + t,,)) + (tl(tX + . . .  + t,,) + ~2 ( t1 , . . . ,  t,,)) 

= (t t  + - . . + t , , )  = + ( t l - t r  + . . . + t , , )  
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and g( t l , . . . ,  tj, tl, t j+l , . . . ,  tn) is divisible by tl  + . . .  + t , .  

Finally, for 

245 

:~ : p l e l l  q - ' ' "  -J- p n e , m ,  91 = e l l ,  Y2 ~- e l 2 ,  93 = e23, - - - ,  Yn = en-l,n, 

---~ (P l  -[-""" Jr- Pn) H (Pq -- pp)eln. 
2<p<q<_n 

If we choose pl, �9 �9 pn pairwise different and such that  P l + ' "  "+P,, ~ 0, we obtain 

that  w(~, 91 , . - . ,  Y,,) r 0. Hence w(x, Y l , . . . ,  Y,~) is not a polynomial identity for 

M~(K) and this completes the proof of the theorem. | 

3. The central polynomial  

Let [u, v] = uv - vu be the commuta tor  of u and v. We make use of the following 

result by Razmyslov [9]. 

LEMMA 7: Let f ( x l , . . . ,  xm) be a multilinear essentially weak polynomial iden- 

tity for M,,(K) such that f ( [Xl ,Xm+l] ,X2 , . . . , xm)  is an ordinary polynomial 

identity for Mn(K). Let us express f (X l , . . . ,  xm) in the form 

f (Xl ' ' ' ' 'Xm)  ~- Z OLpqR(X2'''''Xm)Xlq(X2'''''Xm)' 

where p and q are monomials not depending on Xl. Then 

f * ( X l , . - . , X m )  = ~ O~pqq(X2,. ..,Xm)Xlp(X2,...,Xm) 

is a central polynomial for M,~(K). 

By a complete linearization in x of a homogeneous of degree k in x polynomial 

w(x, y l , . . .  ,y , )  E K(x,  y l , . . .  ,y~} we mean the multilinear in x l , . . .  ,xa com- 

ponent w' (x l , . . . ,  xk, Y l , . . . ,  Y~) of the polynomial W(Xl + .. .  + xk, Y l , . . . ,  yn). 

Now we prove the main result of our paper. 

THEOREM 2: Let w ' ( x l , . . . ,  xk, Y l , . . . ,  yn) be the complete linearization in x of 

the essentially weak polynomial identity for Mn( K ) 

w(x, y l , . . . , yn )  = s2n-~(x, x2 , . . . , x~-3 ,xn ,  y l , . . . , y , )  
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71 

+ ~ zs2n_2(x, x2,. . . ,  x~-3, xn-2, yl , . . .  ,y~x,.. .  ,yn) 
i= l  

�9 . xn--2 + Z s2,~-2(x,x 2, . , x  n-a ,  Yl , . . . ,YiX, . - . ,YjX,- . . ,Y,~) ,  

k = (n 2 - 3n + 6)/2, and let 

f ( X l , . . . , X k , Y l , . . . , y n ,  Z2 , . . . ,Zk)  =- WI(Xl,[X2, Z2],. . . ,[Xk, Zk] ,Y l , . . ' ,Yn) .  

Then 

f * ( X l , . . . , X k ,  Y l , ' ' ' , Y n ,  Z 2 , . . . ,  Zk) 

is a central polynomial of degree (n - 1) 2 + 4 for M,~(K), k >_ 3. 

Proof." Obviously the polynomial f ( X l , . . . ,  xk, Y l , . . . ,  yn, z2 , . . . ,  zk) is of degree 

(n - 1) 2 + 4. By Lemma 7 it is sufficient to show that  

f ( [Xl ,  Zl], X2 . . . .  , Xk, Yl,""" ,  Yn, Z2 , . . . ,  Zk) 

is an ordinary polynomial identity for Mn(K) and f ( x l , . . . ,  Xk, Y l , . . . ,  zk) is not. 

By Theorem 1, w(x, Y l , . . . ,  Y,~) vanishes for �9 E sl,,, fl~ E Mn(K) ,  r = 1 . . . .  , n. 

Hence its linearization w ~ ( x l , . . . , x k , Y l , . . . , y n )  vanishes for ~.h E 8ln, h = 

1 , . . . ,  k, fl~ E M,~(K), i = 1, . . .  ,n. Since the commutators  [~h, 5h] belong to sln 

for 5Oh, ~h e M,~(K), we obtain that  f ( [x l ,  Zl], x 2 , . . . ,  Xk, Yl , . - . ,  yn, z2,. �9 Zk) is 

a polynomial identity for M,~(K). 

Any diagonal matr ix  ~ = p le l l+"  �9 "+pne,~n E sl~ can be written as a commuta-  

tor of two matrices. Hence we shall show that  f ( x l , . . . ,  xk, Y l , . . . ,  y~, z2 , . . . ,  zk) 

is not a polynomial identity for M,,(K) if we establish that  

~(x, yl , . . .  ,yn) = w'(1, x , . . . ,x ,  yl , . . .  ,un) 
k-1 

is not a weak polynomial identity for Mn(K).  Obviously, up to a multiplicative 

constant, 5(x ,  y l , . . . , y n )  is equal to the homogeneous component of 

w(1 + x, yl . . . .  ,y,~) of degree k - 1 in x. We shall calculate ~ for 

= p l e 1 1  + " ' "  + pnenn, 

y l = e 1 2 ,  y 2 = e 2 1 ,  y 3 = e 1 3 ,  y 4 = e 3 4 ,  y 5 = e 4 5 ,  . . . ,  y n = e n - l , n .  
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We use the nota t ion of Section 2. As in the proof  of Theorem 1 it is easy to see 

tha t  

? ~ ( : ~ , Y l , . . . ,  ~ln ) : g t (fll ,  P2, Pl,  f13, P 4 , . . . ,  Pn )e ln , 

where 9( t l , . . . ,  tn+l) is the polynomial  from Lemma 6 and g~(t l , . . . ,  t,+x) is the 

homogeneous component  of degree k - 1 of g(1 + t l , . . . ,  1 + tn+l) .  Using Lemma 

1 it is easy to see tha t  

g~(ta,.. . ,  tn+l)  =ng 0,2 ..... ,~-3,n-1) ( t l , . . . ,  tn+l)  

+ n90,2 ....... 3 , n - 2 ) ( t l , . . . ,  tn+l )h l ( t l , . . . ,  tn+l) 

=n(v l ( t l , . . . , t n+l )  + v 0 ( t l , . . . , t n + l ) h l ( t l , . . . , t n + l ) ) .  

Applying Lemmas 2 - 4 we obtain tha t  for r _> 0, 

v~(tx,t2, tl ,t3, t 4 , . . . , t , )  = -  v~(tx, t l , t2, ta, . . . , t ,~)  + 2v~(tl,O,O, t3 , . . . , tn )  

= - v~(O, O, t 2 , . . .  ,tn) + 2v~(tl,O,O, t3 , . . .  ,tn) 

= + h~( t2 , . . . , t , )  

I I  (tj - ti) + 2h~(ta,t3, t4 , . . . , tn )  
2<_i~j<_n 

1-I (t j  - t , ) .  
i , j # 2  

Hence 

g~(tl, t2, tx, t3, t4 , . . . ,  tn) ---- nvl(tx, t2, tl, t3, t4 , . . . ,  t~) 

+nvo(tl,t2,ta,t3, t4 , . . . ,  tn)(2t~ + t2 + t3 + . . .  + tn) 

= + n ( ( t 2 + t 3 + . . . + t , ) + ( Z t l + t 2 + t 3 + . . . + t , ) )  r I  ( t j - t i )  
2<_i<j<_n 

+ 2n((ta + t3 + t 4  + . . .  + t,~) + (2tl + t2 + t3 + . . .  + tn)) l-I (tj - td 
l_<~<j<_n 

i , j # 2  

obtain tha t  

v t (p l ,P2 ,  Pl ,P3,  P 4 , . . . , p n )  ~s O. 

=2n(t' + """ + t") (  + l-I (tj - t') + 1 ] ~ < _ , < j _ < .  1_?,;~ ~ (tj - t,)) 

4- 2 n ( t l -  t2) l - I  (tj - ti). 
x_<i<j_<,~ 

Now, if we choose pairwise different P l , . . . ,  P,~ such tha t  pa + . . .  + Pn = 0 we 
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This means that ~(x,  Yl , . . . ,  yn) is not a weak polynomial identity for M n ( K )  

and this completes the proof of the theorem. | 
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